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Inequivalence of representations of commutation relations
obtained by orthogonal transformations in field theory

S. K. BOSE and W. C. HENNEBERGER

Department of Physics, Southern Illinois University, Carbondale, Illinois
62901, USA

MS. received 14th April 1971

Abstract. It is shown that, except under very special conditions, orthogonal
transformations on the field coordinates of a Bose-Einstein field cannot be

_represented as transformations in the Hilbert space of the boson field. The
proof is restricted to rotations which are products of commuting rotations in
two-dimensional subspaces.

1. Introduction

It is generally agreed upon that most of the mathematical difficulties of quantum
field theory originate in the fact that fields have an infinite number of degrees of
freedom. As a consequence of this, canonical transformations often lead to
inequivalent representations of the commutation relations. Representations of com-
mutation relations are said to be inequivalent if there exists no unitary transformation
connecting the new coordinates and momenta to the old ones according to

g;" = Ug,U™? (1)
P’ = Up, UL (2)

i

These inequivalent representations were first noticed by Friedrichs (1953) and
by van Hove (1952) and have been studied by Wightmann and Garding {1954) and
by Wightmann and Schweber (1955). Representations encountered by van Kampen
(1951) in diagonalizing the Hamiltonian of a nonrelativistic model of quantum
electrodynamics can also be shown to be inequivalent. A comprehensive discussion
of this general topic has been given by Haag (1960).

The purpose of this paper is to point out that, except under very strict conditions,
even orthogonal transformations on the coordinates of a Bose-Einstein field lead to
inequivalent representations. This result points out the inherent difficulty in the
theory, since an orthogonal transformation is merely a rotation in the countably
infinite dimensional space of the boson field coordinates.

2. Orthogonal transformations
A general orthogonal transformation may be written

g = Z %59 3)
j

P’ = Z %P5 (4)
where the o;; satisfy the relation i
z At = Oy (5)
)
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In analogy to the three dimensional case, one might try to form the operator U
appearing in (1) and (2) as follows:

U = exp(—i2 Bugipr) (6)
with o
Bkl = —Bzzc- (7)
Then (1) and (2) respectively, yield
g;" = q;+ Z B+ = 21 < ? BimBmq,+ - (8)
k Lm
’ 1 *
Py = pi+ 2 Bubit 51 > BimBmbi+ e 9)
k clLm

Comparison of (3) and (4) with (8) and (9) yields
u; = (e (10)

where f is an infinite dimensional square matrix having elements 8;;. Relations (7)
and (10) guarantee the orthogonality of the transformation (3) and (4), since

2 g = 2 (€)= 2 (eF)ule™ s = &yy (11)
Kk k I
3. Restriction to the case of commuting two-dimensional rotations

In order to simplify the mathematics, we consider matrices U which are products
of two dimensional rotations:

U= ]__I Uk

k<l

U = exp{—iBu(guti —~ 0:0:)}
B = A, k=1-1=2n-1

=0 otherwise. (12)
Given that the Bose-Einstein system under consideration has the Hamiltonian
H =3 }(p7+wlq?) (13)
i

the ground state for the first two oscillators is given by

1/4 1/4 ’
b= (2) (2) exp(-Se) exp(— 522). (14)
7 T 2 2

Since Uy, is the operator that rotates ¢; into ¢," and g, into ¢,’, we have

wq\ 14 w 1/4 w w
U = (22)(22) exp( = 20.7) exp( - 52027

Wy

1/4 /o) 114 w w
= () () exp| - 2 nigs 500000 ex0| = 22 oats + g (19)

ki T/
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Straightforward computation shows that

<¢0| U12 l¢0 > =

2wy wg)t?

2 2 2, 3 2
{2wiwg + wywy(tg1® -+ 0g0?) 4 wy %ty g% + wyatg;

. 16
212 (16)

Thus, <Po|Usalfe) = 1 if wy = wy or if g = og; = 0. We now consider
transformations such that w,—w;, = €,; k = [—1 = 2n—1 with

€, € w;, & wy. 17
Thus n { k ( )
- “ 2
ol Usalho > = 1~ =62+ O(ey)". (13)
86012
The transformation U therefore yields:
; A2 0n—
WolUlo> = TT(1- 2222 2). (19)
n 2n-1
A necessary condition for this to converge is
NP
> ———€,2 < . (20)

2
n 8w2n—1

For quantization of the boson field in a periodicity volume L3, «,;;c1/L%2 because
of (11). Hence if L¥2|2y, 9,1] > 8 > 0 for all #, and if the density of states for the
boson field is L3/8#%, then (| Ulp,> = 0 unless

f f(w)dw < o,
0

Hence {Jio|Ullo> = 0 unless €, -0 faster than 1/n*2 Hence, if |;> and ;>
are states of finitely many quanta, it follows immediately that {,|Ul,> = 0 for
all [¢,> and |¢;>. Hence unlesse, — 0 faster than 1/#¥%, U is not an operator in
the Hilbert space of the Bose—Einstein field.

Similar theorems have been proved by Segal (1958). The significance of the
present result, however, is that even mere rotations in the space of the field coordinates
can seldom be represented as transformations in the original Hilbert space. Such
rotations can, in practice, be quite useful; an example is van Kampen’s treatment of
light scattering (1951).
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